Abstract. In this paper some results of [7] are developed for subadditive separating maps between C(X, E) and C(Y, E), such that E is a unital Banach algebra.
Introduction
Let X and Y denote compact Hausdorff spaces and let E be a unital Banach algebra. C(X, E) and C(Y, E) denote the spaces of E-valued continuous functions on X and Y , respectively. A map H : C(X, E) → C(Y, E) is separating if f (x) . g(x) = 0 implies that Hf (y) . Hg(y) = 0 for all f, g ∈ C(X, E) and x ∈ X, y ∈ Y . Clearly any algebra homomorphism between two algebras is separating. Weighted composition operators are important typical examples of separating maps between spaces of functions. Moreover, if A and B are both lattices, then every lattice homomorphism between A and B is a separating map. The study of separating maps between different spaces of functions(as well as operator algebras) has attracted a considerable interest in resent years, see for example [1, 2, 3, 5, 6, 10, 8, 12] . The general form of linear separating maps between algebras of continuous functions on compact Hausdorff spaces considered in [11] . After that in [9] J. Font extended the results to certain regular Banach function algebras and considered automatic continuity problem on these linear maps.
On the other hand, the well known results concerning separating maps from C(X) to C(Y ), for compact Hausdorff spaces X and Y , have been extended to not necessarily linear case in [7] . Also, in [14] we considered the results of [7] and have extended some of them to the case that H is a subadditive separating map between regular Banach function algebras A and B on X and Y , respectively. I think the definition of subadditive maps in [7] is a nice idea to extend linear maps on Banach spaces of functions, but it isn't considered by mathematicians in functional analysis. So, in this paper we are going to describe some properties of subadditive separating maps between C(X, E) and C(Y, E), where E is a unital Banach algebra. We show (Theorem 2.20) that certain biseparating, subadditive bijections H are automatically continuous.
SUBADDITIVE SEPARATING MAPS BETWEEN C(X, E) and C(Y, E)
Throughout this paper X and Y are compact Hausdorff spaces and E is a unital Banach algebra with unit element e 0 . Given an element f ∈ C(X, E), let coz(f ) denote the cozero set of f i.e coz(f ) = {x ∈ X : f (x) = 0}, ClU denotes the topological closure of the set U and CU denotes the complement of the set U .
For a separating map H : C(X, E) → C(Y, E) and y ∈ Y ,ŷoH : C(X, E) → E andŷoH(f ) = Hf (y), for all f ∈ C(X, E).
b) Let M be positive and H be subadditive map. If for each f ∈ C(X, E) there exists ε > 0 such that Hf − Hg ≤ M H(f − g) , for all g ∈ C(X, E) satisfying f − g < ε, then H is called strongly subadditive.
Example 2.2 Let g : Y → X be continuous and let w ∈ C(Y, C). The map
is separating and strongly subadditve, but not additive.
Definition 2.4 [7] , Let H : C(X, E) → C(Y, E) be a separating map, an open subset U of X is called a vanishing set forŷoH if for each f ∈ C(X, E), coz(f ) ⊆ U implies that ŷH(f ) = 0. The support ofŷoH is then defined by suppŷoH = X\{V ⊆ X : V is a vanishing set forŷoH}.
For e ∈ E we define the function 1 e : X → E, such that 1 e (x) = e for all x ∈ X. Clearly 1 e ∈ C(X, E). In this section we assume that H1 e0 (y) = 0 for all y ∈ Y . Since 1 e0 .0 = 0 and H is separating, then H0 = 0.
Remark.2.5 (Decomposition of the identity) If K = R or C, note that for any finite cover
of open subsets of X, there is a continuous decomposition of identity,
Theorem 2.6
Let H : C(X, E) → C(Y, E) be pointwise subadditive separating map, then for every y ∈ Y , the set supp(ŷoH) is singleton.
Proof In the first we assume that supp(ŷoH) is empty, then X = ∪ α U α where {U α } α is the collection of vanishing sets forŷoH(we note that, since H0 = 0 the empty set is clearly a vanishing set). Since X is compact, then we can choose finite number of vanishing sets U 1 , U 2 , ..., U n , such that X = ∪ n i=1 U i , by using remark 2.5, there exist
But this is a contradiction. Thus X = ∪ α U α i.e. X\∪ α U α = ∅. Suppose that x and x ′ are disjoint elements of X\ ∪ α U α and U and V are disjoint open neighborhoods of x and x ′ in X, respectively. Since x / ∈ ∪ α U α , then U can't be a vanishing set forŷoH. Therefore there must exist some f ∈ C(X, E) such that coz(f ) ⊆ U and Hf (y) = 0. Similarly there must exist some g ∈ C(X, E) such that coz(g) ⊆ V and Hg(y) = 0. Consequently, Hf (y) . Hg(y) = 0, this contradicts the fact that H is separating. This implies that supp(ŷoH) is singleton.
Definition 2.7 [7] Under the hypothesis of the preceding theorem we can correspond to each y ∈ Y an element h(y) ∈ X, which is the unique point of supp(ŷoH). We call the map h : Y → X, defined in this way, support map of H.
The next theorem can also be obtained with minor modifications of Theorem 4.3 of [7] , so we omit it's proof.
Before investigating more properties of h, we define the following concept which is introduced in [7] for a special case. This concept will plays a role in automatic continuity results (Theorem 2.12). Definition 2.9 Let H : C(X, E) → C(Y, E) be pointwise subadditive separating map with support map h. We say that H is strongly pointwise subadditive, if for each y ∈ Y there exists M y > 0 and for each element c ∈ E there exists δ c,y > 0 (depending on c and y) such that
holds for all f, g ∈ C(X, E) with f (h(y)) = c and f (h(y)) − g(h(y)) < δ c,y .
For some significant example of pointwise and strongly pointwise subadditive separating maps we refer to [7] .
Pointwise strong subadditivity is very similar to strong subadditivity; under certain conditions, Pointwise strong subadditivity implies strong subadditivity. We leave simple proof of that assertion in next proposition to the reader. Theorem 2.10 Let H : C(X, E) → C(Y, E) be strongly pointwise subadditive. If for each f ∈ C(X, E) the set {δ f (h(y)),y : y ∈ Y } has an upper bound and the set {M y ; y ∈ Y } is bounded above as well, then H is strongly subadditive. Definition 2.11 H : C(X, E) → C(Y, E) is detaching, if for any two distinct point's y,ý ∈ Y , there exist f, g ∈ C(X, E) such that cozf ∩ cozg = ∅ and Hf (y) Hg(ý) = 0.
We show in theorem 2.12(b) that if H is strongly pointwise subadditive, then h is continuous. Thus a separating connection between C(X, E) and C(Y, E) establishes a continuous connection between X and Y . Theorem 2.12 Let H : C(X, E) → C(Y, E) be strongly pointwise subadditive map. a) For any f, g ∈ C(X, E) if f = g on the open set U ⊆ X, then Hf = Hg on h −1 (U ).
b) The support map h : Y → X is continuous.
c) If H is injective, then h is surjective.
d) If H is detaching if and only if h is injective.
Proof a) Suppose that f ∈ C(X, E)' and y ∈ Y such that f = 0 on the nonempty open set U ⊆ X where h(y) ∈ U . For each x ∈ U c there exists a vanishing set U x forŷoH which contains x. Since X is compact, then
Thus by remark 2.5 and the method that we used in the proof of theorem 2.6, we will have e 1 , e 2 , ..., e n+1 ∈ C(X, E) such that coze i ⊆ U i and Σ n+1 i=1 e i = 1 e0 on X and so Σ n+1 i=1 f e i = f . Since f = 0 on U n+1 and coze n+1 ⊆ U n+1 it follows f e n+1 = 0. Also, coz(f e i ) ⊆ U i , 1 ≤ i ≤ n. Thus we have H(f e i )(y) = 0 for 1 ≤ i ≤ n + 1. Since H is pointwise subadditive, then
Thus Hf = 0 on h −1 (U ). Now suppose that f, g ∈ C(X, E) and f = g on U, then H(f − g) = 0 on h −1 (U ). By definition (2-9), there exist M y > 0 and δ f (h(y)),y > 0 for y ∈ h −1 (U ) such that
b) Suppose that y ∈ Y and V is an open neighborhood of h(y) in X. Compactness of X implies that, there exist open neighborhoods U of CV and W of h(y) such that ClU ∩ ClW = ∅. We can choose f ∈ C(X, E) such that f = 1 e0 on ClW and f = 0 on ClU . Since f = 1 e0 on ClW , then Hf = H1 e0 on h −1 (W ) by (a). Hence Hf (y) = H1 e0 (y) = 0 i.e y ∈ cosHf and coz(H(f )) is a open neighborhood of y. Suppose that y ′ ∈ Y such that y ′ / ∈ h −1 (V ). Since f = 0 on U , it follows that from (a), Hf = H0 on h −1 (U ) and so Hf (ý ′ ) = 0. Thus cozHf ∩ h −1 (CV ) = ∅ and so h(cozHf ) ⊆ V . It follows that h is continuous at y. C) Suppose that U ⊆ X is an open and nonempty set. By Uryson's lemma there exist nonzero function f ∈ C(X, E) such that cozf ⊆ U , since H is injective, then Hf = 0 i.e Hf (y) = 0 for some y ∈ Y . Thus h(y) ∈ suppf ⊆ U i.e h(Y ) ∩ U = ∅, it follows that h(Y ) is dense in X. Also, h(Y ) is closed, because h is continuous and Y is compact. This implies that h is surjective. d) Suppose that H is detaching and y,ý are distinct point of Y . Thus, there exist f, g ∈ C(X, E) such that cozf ∩ cozg = ∅ and Hf (y) . Hg(ý) = 0. By theorem (2.8,a) it follows that h(y) = h(ý) i.e h is injective.
Conversely, suppose that h is injective and y = y ′ . So h(y) = h(y ′ ). Choose open neighborhoods U and V of h(y) and h(y ′ ), respectively, such that ClU ′ ⊆ U and ClV ′ ⊆ V , where U ′ and V ′ are also neighborhoods of h(y) and h(y ′ ), respectively. Thus we can find f, g ∈ C(X, E) such that f = 1 e0 on U ′ and f = o on CU , also g = 1 e0 on V ′ and g = o on CV . By (a) we have Hf (y) = 0 and Hg(y ′ ) = 0. This completes proof.
Proof First we show that h is 1-1. If h isn't 1-1, then there exist y, y ′ ∈ Y such that y ′ = y and h(y) = h(y ′ ). Bijectivity of H implies that, there exist f, g ∈ C(X, E) such that Cl(cozHf ) ∩ Cl(cozHg) = ∅, Hf (y) = 0 and Hg(y ′ ) = 0. As H is biseparating, cozf ∩ cozg = ∅. By Theorem 2.8(a), h(y) = h(y ′ ) ∈ cozf ∩ cozg. Let w be the support map of H −1 . Then by Theorem 2.8(a) we have w(cozH −1 Hf ) = w(cozf ) ⊆ ClcozHf and w(cozH −1 Hg) = w(cozg) ⊆ ClcozHg. Since w is continuous and h(y) = h(y ′ ) ∈ Clcozf ∩ Clcozg, then w(h(y)) = w(h(y ′ )) ∈ ClcozHf ∩ ClcozHg. This is a contradiction. Therefore h is 1-1. Since H is bijective and X and Y are compact, then by Theorem 2.12, h is a homeomorphism from Y onto X. In the end, if Hf (y) = 0 then h(y) ∈ Clcozf . Since w(h(y)) ∈ ClcozHf for all f such that Hf (y) = 0. But as H is bijective, ∩ Hf (y) =0 ClcozHf = {y}. This implies that w(h(y)) = y, i.e., w = h −1 .
In the sequel we consider continuity and form of strongly pointwise subadditive separating maps. Definition 2.14 E and F denote normed linear spaces; let A map E into F . If there exists D > 0 such that Ae ≤ D e for all e ∈ E, then A is norm-bounded.
) . e for all e ∈ E. Then H is 1 e0 -bounded.
We refer to [7] for some example of maps that are continuous but neither 1 e0 -or norm-bounded.
If H : C(X, E) → C(Y, E) is norm-bounded and strongly subadditive, then by last definitions we conclude that H is continuous. Also, if H is 1 e0 -bounded and strongly subadditive on the linear span [1 e0 ] of 1 e0 i.e., { n i=1 e i .1 e0 |e i ∈ E, n ∈ N}, then H is continuous on [1 e0 ].
Definition 2.16 Let p : Y → X be continuous. For each y ∈ Y and f ∈ C(X, E), define H : C(X, E) → C(Y, E) to be Hf (y) = H(1 f (p(y)) )(y). H is called a composition map. Theorem 2.17 Let H : C(X, E) → C(Y, E) be a composition map. If H is 1 e0 -bounded, then H is norm-bounded.
Proof We leave the proof to the reader. 
for all f ∈ C(X, E).
Proof Let y ∈ Y c , f ∈ C(X, E) and ε > 0. Since f is continuous, then there exists the neighborhood U ε of h(y) such that f (z) − f (h(y)) < ε for all z ∈ U ε . Let W be a neighborhood of h(y) such that ClW ⊂ U ε . Suppose that k ε ∈ C(X, E) such that k ε = 1 e0 on W , k ε = 0 on CU ε and 0 ≤ k ε ≤ 1 e0 . As ε → 0, k ε (f − 1 f (h(y)) ) → 0; consequently H(k ε (f − 1 f (h(y)) ))(y) → 0. Since H is strongly pointwise subadditivity and (k ε f )(h(y)) = (k ε 1 f (h(y)) )(h(y)) = f (h(y)) for all ε > 0, then there exists M y > 0 such that H(k ε f )(y) − H(k ε 1 f (h(y)) )(y) ≤ M y H(k ε (f − 1 f (h(y)) ))(y) → 0, this implies that H(k ε f )(y) = H(f )(y), H(1 f (h(y)) )(y) = H(k ε 1 f (h(y)) )(y).
Thus Hf (y) = H(1 f (h(y)) )(y). (b) Suppose that Hf (y) = H(1 f (h(y)) )(y) for all f ∈ C(X, E). Let the net f α ∈ C(X, E) converges to f . By Definitions 2.9 and 2.15. Hence for big α we have f (h(y)) − f α (h(y)) ≤ f − f α < δ f (h(y)),y , and so
Hf (y) − Hf α (y) ≤ M y H(f − f α )(y) = M y H(1 f (h(y))−fα(h(y)) )(y) ≤ M y D H(1 e0 ) . f − f α → 0.
Thereforeŷ • H is continuous.
In Theorem 5.11 of [7] , the map H must be strongly pointwise subadditive. Because, the authors used this property in the proof. The next theorem can also be obtained with direct computation and some minor modifications of Theorem 5.11 of [7] , so we omit it's proof.
Theorem 2.19
Let H : C(X, E) → C(Y, E) be strongly subadditive.
